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Abstract

Frequent counting is a very so often required operation in machine learning algo-

rithms. A typical machine learning task, learning structure of Bayesian network (BN

for short) based on metric scoring, is introduced as an example task which heavily

relies on frequent counting. A fast calculation method for frequent counting enhanced

with two cache layers is then presented for learning BN . We name this speedup tech-

nique RC solution. The main contribution of RC is to eliminate comparison operations

for frequent counting by introducing a multi-radix number system calculation. Both

mathematical analysis and empirical comparison between RC and state-of-the-art so-

lution are conducted. The results show that RC is dominant prior over the current

state-of-the-art solution at least in solving the problem of learning BN . Further dis-

cussions on how to extend RC to other similar learning tasks are also developed at the

end of this paper.

Keywords: Artificial intelligence, learning Bayesian network, frequent counting, radix-based

calculation, ADtree.
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1 Introduction

Inspired by the approach which decomposes a data mining algorithm into six components[1], we can

also consider a machine learning algorithm based on datasets at least consisting of two operational

components: one is to collect statistical information from the dataset, the other is to apply learning

logics to these statistics. Many of such statistic operations need to do frequent counting on a specific

(training) dataset.

Frequent counting is to calculate the repetition times (or the count) of which a specific query

is suited on a given dataset. Let us firstly define what a query is. Given an attribute set X =

{x1, . . . , xM}, with V i as the attribute value set from which xi can take, |V i| = ri is called the

arity of attribute xi. Given a dataset D = {d1, . . . , dR} where di is a possible assignment for each

xi ∈ X, a query is defined as a sequence of (xi = vj
i ) pairs in which vj

i ∈ V i ∪ {φ} and all the xies

forms a subset of X arranged in increasing order of index. Please note that the attribute value φ

means “any value” or “don’t care”. Therefore the count of a query is the number of records in D

matching all the pairs in the query.

Based on frequent counting, machine learning algorithms usually construct a little bit more

complicate structures for their specific learning logics. The most useful such structures are contin-

gency table (ct for short) and conditional contingency table (cct for short). A ct constructs a table

of all the frequent counting on some interested attributes. And a cct is a ct filtered by another

query (called conditional query of this ct).

To make the above description clearly understood, we take an example of learning structure

of discrete Bayesian network (BN for short). A BN = (Bs, Bp) consists of two components.

Bs describes the probabilistic relationships between M discrete random attributes in X. Such

relationships can be described by a directed acyclic graph (DAG) with nodes for all attributes in

X respectively, and each beginning node of a directed arc is called the parent of the ending node.

Let πi = (xi1 , . . . , xin) be the parent nodes of xi, Bp denotes p(xi|πi),∀xi ∈ X. Therefore the joint

probability distribution of BN can be described as

p(X) =
n∏

i=1

p(xi|πi) (1)

The problem of learning BN (structure) is to find a Bs that best matches D. Of course the point

here is how you define the matching degree of a Bs under D. Basically there are two different

approaches to measure the match degree1, one based on conditional independence tests and the

other based on scoring metrics. This paper is only focus on approaches based on scoring metrics.

1There are also other methods which combines the two basic approaches.
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One of the popular used metrics for scoring Bs is K2 metric[2] (log version):

fK2

(
xi, πi

)
=

qi∑

j=1

(
log

(si − 1)!
(Nij + si − 1)!

+
si∑

k=1

log(Nijk!)

)
(2)

where si is the number of possible values of the variable xi, qi is the number of possible instantiations

for the variables in πi, Nijk is the number of cases in D in which variable xi has its kth value and

πi is instantiated to its jth value, and Nij =
∑si

k=1 Nijk. Figure 1 clearly shows how Nijk and Nij

are constructed.
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Figure 1: Nijk description

This formula (2) measures how well xi is under the parents πi. Therefore the whole goodness

of this BN is sum of all such scores. Learning BN by K2 metric is to try every possible Bs to

achieve B∗
s = arg max fK2(Bs,D).

There are also a lot of other similar metrics which measure the goodness in different views.

It is clearly that the core of the computation in equation (2) is the calculation of Nijk which can

be mapped to each cell of a ct. For a typical learning algorithm the calculation of each evaluated

metric score usually takes a huge time.

This paper presents a fast calculation solution for learning BN . We compare our solution with

the state-of-the-art solution in both mathematical analysis and empirical comparison. And we

achieve the dominant prior over the current state-of-the-art solution at least in solving the problem

of learning BN . We also discuss how to extend our method to other similar learning tasks, although

we only describe our solution in detail to learning BN .

The organization of this paper is as follows: In Section 1 we give the background of frequent

counting and introduce a learning task which heavily relies on frequent counting. A brief introduc-

tion of popular solutions of frequent counting is reviewed in Section 2. For the purpose of speeding

learning BN , two cache layers are designed in Section 3.1 and 3.3, and a fast calculation method of

metric score is presented in Section 3.2. To evaluate our presentation, mathematical analysis and

experimental analysis are presented in Section 4 and Section 5. In Section 6 we discussed some

variants of RC for other learning tasks. Finally we conclude this paper in Section 7.
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2 Related Work

Building a ct can be transformed to implementing a data cube problem[3]. A lattice framework

was introduced to model such multidimensional analysis in their work, and they concluded that

there was a trade-off for the fast generation of a new data cube: not all the cells in the computed

data cube should be memorized

ADtree is a technique to re-organize the counting information of a training dataset into a tree

(called ADtree) so that all possible cts or ccts can be fast extracted from the built tree[4]. ADtree

was proved to be a super technique to accelerate Bayesian network learning task, rule learning task,

feature selection task, and other machine learning tasks[5, 6, 7, 8, 9].

Unlike ADtree solution building a whole ADtree before a learning procedure starts, dynamic

ADtree is an enhanced version of ADtree which incrementally builds a dynamic ADtree keeping

pace with the client’s on-line requirement[10]. In this way, dynamic ADtree improves memory

performance of ADtree and couples more tightly with the client side.

The research group of ADtree also developed a new RADSEARCH method which extended

ADtree to real-valued all-dimensions search[11].

KDtree, similar to ADtree, is an earlier tree structure to store counting information of the

training data[12, 13]. As [4] stated, KDtree node splits on only one attribute instead of all attributes

like ADtree does. This results in less memory but expensive counting.

Frequent set finder[14] was originally used with very large dataset of millions of records contain-

ing very sparse binary attributes. The founded frequent sets could be efficiently used to frequent

counting[5].

In a summary, frequent counting techniques can be divided into two schemes: pre-counting and

post-counting. By pre-counting, we mean that all the counting information is gathered from the

training dataset before the learning algorithm is started. The features of pre-counting techniques

are obvious: more memory to contain a transformed dataset, fast counting service and independent

of the running task. ADtree 2 , KDtree and Frequent set finders are examples of pre-counting

techniques.

By post-counting, we mean that only the necessary counting information required by one run-

ning of a learning algorithm is calculated. More strictly, the counting is done only upon the request

from the running procedure of a learning algorithm. Of course post-counting may also need some

2Although ADtree will on-line build ct upon the frequent counting requirement, all the counting infor-

mation is already embedded in the ADtree. Making ct is just to gather the counting information scattered

in the ADtree. That’s why we categorize ADtree into pre-counting techniques because the most counting

operations are done before they are really needed.
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pre-process to the training datasets and some special initialization. The most important feature

of post-counting techniques is that the overall performance of the counting depends on a specific

running. The possible factors affecting the performance for a running include the properties of the

dataset, counting requirements of learning algorithm, and so on. Dynamic ADtree and the method

introduced in this paper are examples of post-counting techniques.

In this paper, we propose a post-counting technique. It is a fast solution at least for learning

BN algorithms based on metric score approach. As for this specific learning task, there are several

important features which make our solution much workable:

1. Usually the maximum parents number n is restricted to like 4. This means that the size(n+1)

of ct is not very big.

2. Once a ct has been built, different kinds of Nijk can be derived for calculating fK2, and such

calculations will be required many times.

3. Special attribute value “φ” does not appear in the ct query.

3 Speeding up Techniques for Learning BN

3.1 Caching the Metric Scores

Since careful design of data structures and cautious implementation of correspond algorithms will

greatly improve the performance of meta-heuristic algorithms[15, 16], we presents some speeding

techniques in solving the problem of learning BN . 3

It is obvious that calculating Nijk and Nij is a time-consuming job. Compared to the computing

time, the space required for storing the dataset can be usually afforded easily. Please refer to Section

4 for the mathematical analysis of the space complexity for storing the dataset.

Please note that what we are proposing to cache are those computed metric scores, not in-

dividual Nijk or Nij . Each score is decided by a tuple (xi, πi) and of course the dataset. The

current empirical studies show that the number of calculations of different tuples is around 45000

for ALARM dataset, 29000 for INSURANCE dataset and 13000 for BOBLO dataset[17, 18]. So

basically for achieving avoidance of the recalculations, it is worth to maintain a hash mechanism

to cache the metric scores.

We encode the hash key like this:

(
xi, πi

)
=

(
xi, (xi1 , . . . , xin)

) 7→ (
xi, {0, 1}M

)
(3)

3Learning BN is NP-hard problem.
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where M is the total number of attributes, πi = (xi1 , . . . , xin), 1 ≤ i1 < i2 < . . . < in ≤ M . πi is

then encoded to a M -bit string b1 . . . bi1 . . . bin . . . bM where bi1 , . . . , bik are set to 1 and the other are

set to 0. Considering that the BN benchmark problems have less than 64 nodes, a 64-bit integer is

enough for encoding πi. Note this also means that xi will take less than 6 bits for encoding every

node.

Since every node xi is always used via the tuple (xi, πi), the bits k1 . . . k6 of xi should be taken

into the higher part of hash key. But because the first bit k1 of xi does not contain much information

as the other bits, we finally omit the first bit and take k2 . . . k6 of xi into the first part of hash

key. So we take another 7 bits k′1k
′
2 . . . k′7 from πi into the lower part of hash key. We extract the

bits from the πi code at the position of 2, 5, 7, 11, 17, 19, 23. It is very obvious to notice that

these positions are all at the prime number index order. Now we design a 12-bit hash key like this:

k2 . . . k6k
′
1k
′
2 . . . k′7.

3.2 Fast Calculation of ct

It is obvious that all the counting information for calculating fK2(xi, πi) can be derived from

ct(xi0 , xi1 , . . . , xin). For the convenience, we denote xi by xi0 , and ct(xi, πi) = ct(xi0 , xi1 , . . . , xin)

by ct(n + 1). Of course it is obvious that ct(n) denotes a ct with n attributes.

In fact a ct(n + 1) can be considered as a hyper data cube

ct[0..ri0 − 1][0..ri1 − 1] . . . [0..rin − 1]

Please recall that ri is the arity of xi. Therefore the formula (2) can be rewritten in terms of ct

cells:

fK2

(
xi, πi

)
=

ri1
−1∑

i1=0

. . .

rin−1∑

in=0


log

(ri0 + 1)!
(Nij + ri0 + 1)!

+
ri0
−1∑

k=0

log
(
ct[k][i1] . . . [in]

)
!


 (4)

where Nij =
∑ri0

−1

k=0 ct[k][i1] . . . [in].

Now we will show that we can calculate ct(n + 1) data cube without any re-scanning or com-

parison operations. This speeding technique requires a preprocessing to the dataset which can be

easily satisfied. Suppose that all the domains V i of each random variable xi can be expressed by

a series of ordered sequential numbers. That is we can represent the actual value vi
1, v

i
2, . . . , v

i
ri

with their corresponding index number 0, 1, . . . , ri − 1. This can be easily achieved by introducing

a preprocessing to the dataset without losing any generalities of solving machine learning tasks.

The arity ri of each xi can be easily calculated when reading the dataset. Just remember the

biggest value of each incoming xi. Once the dataset is read, increase that biggest number by one

to get ri.
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Now let’s see how ct(n + 1) can be calculated in exactly R arithmetical addition opera-

tions. And during one pass of scanning of the dataset, for every row containing a configuration

(vi0
n′i0

, vi1
n′i1

, . . . , vin
n′in

) of (xi0 , xi1 , . . . , xin), just increase the counter of

ct[n′i0 ][n
′
i1 ] . . . [n

′
in ]

by one. Then after one pass of the scanning, a complete ct has been constructed. In fact, ct is a

standard data hypercube whose grid contains the count information we are expecting. In this way

we makes the counter calculation fast enough by eliminating the matching operation.

It is obvious that once ct(xi, πi) has been constructed, all ct(xi′ , πi′)s, where xi′ ∈ {xi} ∪ πi

and πi′ ⊂ {xi} ∪ πi \ {xi′}, can be gradually derived from ct(xi, πi) without the necessary to scan

any passes of the dataset. We call such ct(xi′ , πi′) sub-ct of ct(xi, πi). For example, ct(n − 1) =

ct(i1, i2, . . . , in \ ik), where 1 ≤ k ≤ n, can be calculated from ct(n) like this:

ct(n− 1) = ct [i1][i2] . . . [in]︸ ︷︷ ︸ =
rik
−1∑

j=0
ct [i1][i2] . . . [j] . . . [in]︸ ︷︷ ︸

n− 1 items n items

(5)

And again, ct(n− 2) can be calculated from ct(n− 1), and so on. Therefore it is necessary to

cache ct(n) for its possible future requirements from all other 2n − 1 sub-cts. Please notice that

ct(0) is not necessary for our learning task.

3.3 Outlines of Fast Calculating Metric Scores

Similar to the process of cache design of metric score layer, we can also design a cache layer for

storing computed cts and “building-ahead” cts.

Combined by two cache layers: metric score and ct, we name our calculation solution for learning

BN radix-calculation (RC for short) . The general procedure of RC solution for calculating f(xi, πi)

is summarized as follows:

1. Search f(xi, πi) in the score cache layer. If hit, return the cached score.

2. Create a f(xi, πi) node, and insert it into the score cache layer.

3. Search ct(xi, πi) in the ct cache layer. If hit, fetch it and calculate the above new f(xi, πi).

Return the fresh f(xi, πi) score.

4. Create a new ct node, compute and insert it into the ct cache layer. Calculate the above new

f(xi, πi). Return the fresh f(xi, πi) score.

Please notice that both the ct(n) and ct(n + 1) can be calculated in exactly R time cost. This

implies that we can take such a “building-ahead” technique: when ct(n) is not cached, we build
7



ct(n + 1) in R time and spend another rn+1 time for calculating ct(n). That is we cache two cts in

not very much time, and all other 2n+1 sub-cts of ct(n + 1) will not require scanning the dataset.

In this paper we just adopt a very simple strategy to decide the ahead attribute xk of ct(. . . , xi):

k is the next round closest to i.

4 Complexity Analysis and Comparison

The most common technique of speeding such calculations was ADtree solution proposed by [4].

Since the cache idea is the same for ADtree and RC, we just analyze the part of ct calculation.

Following [4]’s notation, R is the row number of the dataset, n is the dimension of ct, 4 r is the

arity of each attribute xi, and M is the attribute number in X.

4.1 Time Complexity of RC

Let T (n) be the time cost for RC to calculate ct(n). It is clear that T (n) = R. And if ct(n) is

cached, then from equation (5),

T (n− 1) = rn

T (n− 2) = T (n− 1) + rn−1 = rn + rn−1

. . .

T (1) =
∑n

j=2 rj

That means that the cost of T (n) will be shared by all its sub-cts’ calculation. So the average

computing time of all such cts is:

R +
(

n
n−1

)
T (n− 1) +

(
n

n−2

)
T (n− 2) + · · · (n

1

)
T (1)

2n − 1
=

R +
n−1∑
k=1

((
n
k

) ∑n
j=k+1 rj

)

2n − 1
(6)

We want to emphasize that the time metric of formula (6) is totally different from the regular

sense of time cost in literature. In general, the time cost of generating such data cube was[4, 11]:

O(nR + rn) (7)

In formula (6), the quantity is exactly for the arithmetical operation: addition. While in formula

(7), the quantity is referring to comparison operations between attribute values. In another abstract

word, such quantity is referring to searching or matching operations. We shall simply keep this in

mind: the time cost of each operation in formula (6) is less than that in formula (7).

4In the context of learning BN , this means we want to calculated fK2(xi, πi) where |πi| = n− 1.
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4.2 Space Complexity of RC

The first part of space cost of RC is R
∏M

i=1 log2 ri ≈ R(log2 r)M for storing the dataset, where M

is the number of variables, that is |X|, and ri is the arity of xi. This cost will also be shared by a

complete running. And it is easily afforded by a modern computer. For example, usually ri < 256,

we can take a byte enough for storing the value of each variable. Then the dataset occupies RM

bytes. For a 20K-row and 40-variable dataset, it is 800KB.

The second part of space cost of RC is for caching ct(n) of rn cells. And the really space cost

will depend on the specific running behavior of the learning algorithm. But one thing is for sure

that learning BN task will not require too much cts which the computer can not bear. Please check

Section 5.1 for the evidence. Theoretically once all sub-ct(n−1)s have been calculated/cached from

ct(n), and all n metric scores f
(
ct(n)

)
have been calculated/cached, the space occupied by ct(n)

should be released.

4.3 Comparison Between RC and ADtree

The following results about ADtree analysis are directly from [4]. If we take ADtree solution, a ct

can be calculated in

(1 + n(r − 1))rn−1 (8)

plus the one-off cost of building ADtree at the initial phase, which is bounded above by

blog2 Rc∑

k=0

R

2k

(
M

k

)
(9)

[4] gave a complicate space cost analysis of building ADtree under different situations, basically

it is (considering the dataset of binary variables)

b(log2 R)/(− log2 q)c∑

k=0

(
M

k

)

where q is related to the distribution of the values for variables. This space complexity is bounded

above by

O
(

M b(log2 R)/(− log2 q)c

(b(log2 R)/(− log2 q)c − 1)!

)
(10)

In fact, such ADtree is some kind of a re-organized dataset. The space cost will be reduced only

when the original dataset has suited some compressing criteria.

Similarly the cost space of building a ct with n variables is bounded above by

O
(

nb(log2 R)/(− log2 q)c

(b(log2 R)/(− log2 q)c − 1)!

)
(11)
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It is obvious that the above two RC and ADtree methods beat the regular method which does

not take cache mechanism. So we do not list the analysis results of the regular method. We

summarize the above analysis results in Table 1 (m is the maximum number of different cts for a

complete running):

Table 1: Complexity comparison between RC and ADtree

RC ADtree

time for init ≈ 0 formula (9)

complexity for running formula (6) formula (8) + 1
m
· formula (9)

space for init RM formula (10)

complexity for running
∑

rn formula (11)

We just skip the detail mathematical comparison of the complexity of the two methods in

verbose symbolic formulas, because there does not seem to have a closed form result for such

mathematical comparison. The more important reason why we do not compare the two RC and

ADtree columns in Table 1 in mathematical way is that the results on ADtree are bounds which are

on the worst situations. So we just list the computation results of two typical cases: for a3k case,

let R1 = 3000 and m1 = 50000; for a20k case, let R2 = 20000 and m2 = 60000. Other parameters

are same: n = 5, q = 0.5 (although this is not favor for ADtree, for an unknown dataset, can we

have other fair settings?), M = 37, and the average arity r = 2.8. Please note that these settings

are all favor for ADtree method except for the noted q (because we have no choice.). Please check

the example of learning ALARM network in Section 5.1 for the reasons why we have such settings.

Now let’s calculate Table 1 and present the results in Table 2:

Table 2: Example results comparison between RC and ADtree

RC(a3k/a20k) ADtree(a3k/a20k)

time for init 0 3.86e+9/5.09e+10

complexity for running 324.78/873.17 640+77200/1274+848333

space for init 1.1e+5/7.4e+5 4.9e+10/1.4e+12

complexity for running
∑

rn 1.3/0.9

The
∑

rn part in Table 2 can not be calculated accurately because it depends on the specific

running procedure. Please check Table 4 for the empirical values.

We find from Table 2 that RC method is overall prior to ADtree in the performance of both

time and space.
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5 Experimental Results

We evaluate RC solution in two case studies: the first is to compare RC with direct calculation

solution, the second is to compare RC with ADtree solution. In both cases we target the learning

task on learning the best structure of BN with the highest K2 metric score.

5.1 Comparison between ACOB+RC and ACOB+Direct Calcu-

lation

Three applications have been evaluated in this section. ACOB is a heuristic approach to learning

BN [17, 18]. Regarding the calculation of metric scores, it used cache technique to eliminate the

recalculation of the metric scores. We list the results of this application in ACOBc line of Table 3.

We presented a parallel implementation of ACOB[19]. Since our focus is on how the parallel

behavior helps improving the diversification of learning process, we adopt nothing speeding tech-

niques on calculating metric scores. That means once the request of scoring (xi, πi) is made, we

scan the dataset and calculate it from scratch. We list the results of the sequential version of this

application in ACOBd line of Table 3.

In this paper, we reimplemented ACOB with RC calculation. We list our computing results in

ACOBRC line of Table 3.

Our running platform is IBM p550 4×Power5 1.5Ghz with 8MB memory and operating system

IBM AIX5.3. The compiler is gcc 3.3.3. Since the three implementations are strictly following the

same learning algorithm, we set the same parameter values for the comparison.

The training dataset is standard ALARM dataset[20] with the first 3000 rows. We call this

training dataset a3k. It is easy to understand that by saying a20k we mean ALARM dataset with

20000 rows.

We give the average µ, standard deviation σ and best value in brackets over 10 executions

in Table 3, where Diff score column lists the number of different (xi, πi) scores to be calculated

during one execution, and All scores column lists the number of all (xi, πi) scores to be calculated

during one execution.

First of all, it is clear that ACOBRC is much much faster than ACOBd. The running time

of ACOBRC is several hundred seconds and that of ACOBc is more than one hour. Although

the running time is not comparable due to the different running platforms, we believe that the

difference of the running time on order of magnitude has made sense. As for potential reference,

one running of the deterministic greedy heuristic of K2SN[21] takes 9s on our platform involving

4060 calculations of different tuples and 22201 calculations of all tuples.

It is interesting to note that the Diff scores number of ACOBRC is much bigger than that of
11



Table 3: Learning BN from a3k by ACOB-K2 with RC and without RC

Application K2 score† Diff scores All scores T(h:mm) Source

ACOBc -14401.83±0.72 44693.20± 75.48e05± 1:05‡ [17]

(-14401.29) 1208.56 10.78e4

ACOBd (-14409.01) not provide 1387503 4:36 [19]

ACOBRC -14401.78±0.33 71854.2± 75.27e05± 369.15s± This paper

(-14401.29) 2360.88 4.50e4 11.45

† µ± σ(best)

‡This computing time is not comparable with the other two because the source did not

describe the running platform.

ACOBc, while the All scores number of ACOBRC is slightly smaller than that of ACOBc. This

explains why the final result K2 score of ACOBRC is a little bit better than that of ACOBc because

ACOBRC explores more different pair scores. Considering all the parameter settings are exactly

same, especially the iteration number is set to 100, it seems there are no reasons why ACOBRC

explores more different pair scores even if it can get the pair score faster. The probable explanation

would be the different running time of the local optimizer HCST[22]. Source [17] did not give the

iteration number of HCST, while ACOBRC sets the iteration number of HCST to 20000. Again we

believe that ACOBRC does not exceed ACOBc in execution time.

The last comment about Table 3 is that the ratio of All scores over Diff scores indicates the

efficiency of score cache layer. It measures the contribution of score cache layer to score calculation.

In Table 3 this ratio is about 104.76. This implies that the efficiency of score cache is very high.

How about the efficiency of ct cache layer? Table 4 lists the typical results of ct generating

about running ACOBRC on a3k and a20k.

Table 4: Results of ct cache layer about running ACOBRC

Diff ct Scan ByS FreeS E n=1,2,3,4,5 Memory

a3k 54202 33402 78096 11197 1.82 37,666,4852,17378,31262 6.56e+6

a20k 59159 36561 89194 11790 1.88 37,666,5083,18789,34577 7.22e+6

The explaination of Table 4 columns is as the following:

• Diff ct: the number of different cts has been calculated. This indicates the scale which ct

cache layer should manage. It will usually be much less than the Diff scores column in

Table 3.
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• Scan: the number of scanning dataset for generating all cts. Less is better. This item greatly

determines the performance of RC.

• ByS: the number of cts used by score calculation.

• FreeS: the number of free cts which ONLY have been used as “building-ahead” cts. These

cts have not been used by directly metric score calculation. Of course they are calculated by

scanning the dataset. They are considered as of another cache for ct producing.

• E(ffiency)= ByS
Diffct−FreeS, measures the contribution of ct cache layer to score calculation.

Comparing to the efficiency of score caching, the efficiency of ct caching is much lower. But

due to the huge time cost of building ct, the saved time of ct caching is still considerable.

• n=1,2,3,4,5: the number of different ct(n)s with respect to n. Of course the sum should be

equal to Diff ct value.

• Memory: considering ct(n) will take rn space for storing, the whole memory taken by ct

cache layer can be calculated. This column gives examples of
∑

rn part in Table 2.

Table 4 also explains why we set m1 = 50000 and m2 = 60000 for example evaluation in Section

4.

5.2 Comparison between GHC+RC and GHC+ADtree

An optimized implementation of Hill-Climbing (HC for short) for learning BN based on ADtree

calculation method, enhanced with metric score caching, was presented in [23]. A similar earlier

version of HC for learning BN based on ADtree was also used in [4] to demonstrate that ADtree

could accelerate the task of learning BN .

The HC-ADtree implementation (appfbrun linux api package) on i386 platform can be down-

loaded from [24] upon request. In fact this package implements a new heuristic learning algorithm

Optimal Reinsertion. HC is just a local search part of Optimal Reinsertion[23]. Since we are

interested on the metric score calculation, we dis-enable the Optimal Reinsertion feature but let

the HC part work alone. Actually HC-ADtree has two phases: the first greedy HC (we name it

GHC-ADtree) phase and the second multi-restart HCST (10000 iteration per restart) phase. The

first phase has to be finished even if the user does not give enough time, and the second phase will

take over the remaining running time. For an empty BN graph, GHC will exactly require M scores

like fK2(xi, ∅) and M(M − 1) scores like fK2(xi, xj) where i 6= j. This will result in all together

M2 fresh scores but M + M(M−1)
2 new cts.

13



Please note that the second phase of HC-ADtree will behave a slight differently due to the

random number generator. Because we want to keep the exactly same learning logic when doing

comparison so that we can compare the calculation efficiency, we also implement the same GHC but

with our RC calculation underlined. So that we can compare the performance of RC and ADtree

on calculation efficiency when learning BN .

The testing platform is Pentium D-core 3.0Ghz with 2GB memory and Redflag Linux 5 5

The compiler is gcc 3.4.3. We tested GHC with RC and GHC with ADtree on all the published

datasets[23]. Table 5 lists the comparative results,

Table 5: Compare results between GHC+RC and GHC+ADtree

Dataset R M AA RC ADtree Dataset source

adult 49K 15 7.7 1.64075 2+ UCI Rep.(R. Kohavi)

alarm 20K 37 2.8 4.31135 5+ [20]

covtype 150K 39 2.8 36.12651 39+ UCI Rep.(J. Blackard)

connect4 67K 43 3.0 20.17593 22+ UCI Rep.(J. Tromp)

edsgc 300K 24 2.0 failed 30+ [25]

synth2 25K 36 2.0 5.10623 6+ [23]

synth3 25K 36 2.0 5.08823 6+ [23]

synth4 25K 36 2.0 5.09523 6+ [23]

nursery 13K 9 3.6 0.15 <1 UCI Rep.(M. Bohanec et al.)

letters 20K 17 3.4 0.86387 1+ UCI Rep.(D. Slate)

where R is the record number of the dataset, M is the attribute number of the dataset, and

AA is the average arity of the dataset.

In Table 5, RC column is the running seconds of GHC-RC, and ADtree column is that of

GHC-ADtree. Since GHC-ADtree did not give the accurate time measure, we use “+” to indicate

more than something over the integer seconds. The first comment is that we did not list the initial

time for building ADtree. The second comment is that for a large dataset contained 300K rows,

GHC-RC failed. For all the other datasets, GHC-RC is better than GHC-ADtree even if without

considering the initial time, which is a huge mount of time for building ADtree.

5Since we did not get the source code of HC-ADtree, we have to test it with the provided execution code.
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6 Further Discussion of RC

We shall mention that the current implementation of RC is for calculating metric score of learning

BN . As for other general machine learning tasks, RC can be easily modified to different variants.

For example, RC can be used to fold a complete ct to a two-dimensional array to implement a

cct(η|π), where η = (xi1 , . . . , xin) and π = (xj1 , . . . , xjp). In RC solution, we can fold a complete

ct(xi1 , . . . , xin , xj1 , . . . , xjp) to a two dimensional array: one dimension index is numbered with

the mixed-radix (ri1 , . . . , rin) number system and the other dimension index with the mixed-radix

(rj1 , . . . , rjn) number system. Figure 2 shows how this mapping works.

j = 1 2 · · · q

π

η ↓ ↓ ↓ ↓ ↓
k = 1 −→

2 −→
... −→ [θηjk]

−→
s −→

Figure 2: Convert a ct to a two dimensional cct

It is obvious that q =
∏

j∈π rj and s =
∏

j∈η rj . In fact Figure 1 is a special case of Figure 2

where η = xi. We just rotate qi part of Figure 1 to index the column of θηjk block, and multiply s

part, which indexes the row of θηjk block, of Figure 1.

How to locate j and k of θηjk block for each coming row of dataset? The key trick is to use a

mixed-radix number system. Suppose a configuration of π = {xj1 , xj2 , . . . , xjn} is (n′j1 , n
′
j2

, . . . , n′jn
).

So j can be calculated like this: j =
∑jn

p=j1
n′pdp, where djn = 1, djn−1 = rjn , djn−2 = rjnrjn−1 , . . . , dj1 =

∏n
p=2 rjp .

It is similar to locate k for a given η. Now for every row of dataset, locate k and j and therefore

the θηjk, simply increase the corresponding θηjk by one. Once the dataset has be scanned one pass,

a complete cct has been constructed.

In another common learning task: association rule mining[14], we need to estimate value like

this:

p(xi1 = ni1 , . . . , xin = nin |xj1 = n′j1 , . . . , xjp = n′jp
)

=
ct(xi1 = ni1 , . . . , xin = nin , xj1 = n′j1 , . . . , xjp = n′jp

)

ct(xj1 = n′j1 , . . . , xjp = n′jp
)

=
ct[k][j]∑
k ct[k][j]
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It is very clear that the above counting information could be directly read from Figure 2.

In fact another learning BN approach, conditional independence tests, is heavily relied on

mutual information

IPBs
(xi, xj) = PBs(xi, xj) log

PBs(xi, xj)
PBs(xi)PBs(xj)

where PBs(.) is the estimation distribution of X under the BN structure Bs. And conditional

mutual information IPBs
(η|π) is also needed in such approach. It is obvious that these calculation

can also be easily calculated from ct and cct.

In the extreme case, if memory is enough, the biggest ct(M) can be calculated in R time, and

any other sub-ct can be calculated in O(rM ). So the best average time of building any ct is

R +
M−1∑
k=1

((
M
k

) ∑M
j=k+1 rj

)

2M − 1
(12)

It is a little bit complicated to give the simple result comparison between (12) and O(rM ). Of

course any ct can be calculated in R time cost. So the general time cost of building a ct, if we take

no consideration of space requirement, is O(min(R, rn)) where n is the attribute number of the ct.

This result is consistent with the one mentioned in [4].

But we leave a huge (and probably very sparse) data cube ct(M) there. In fact ADtree is the way

to re-organize this biggest data cube to a tree-like structure. ADtree focuses on the organization

of the grid for constructing data cube by squeezing the zeroes and MCV (most common value)

but adding descriptions of the relationships. ADtree and its subsequent research, e.g. dynamic

ADtree introduced in [10], did take the traditional calculation for each grid, while RC focuses on

the fast calculation of each grid. Therefore ADtree and RC can be combined consistently: ADtree

is focusing on the organization of computed ct, and RC is focusing on the calculation of ct.

Of course there is no “silver bullet” for universal learning cases. But in general, more general

suitable for learning tasks, more waste for a specific learning task. Vice versa, more efficient for a

specific learning task, more lose of the generality.

In summary, we conclude that RC has also the same general coverage of helping machine

learning algorithms as the ADtree approach, but with less complexity of time and space, and with

more robustness and stability. Especially for learning BN structure with the limitation of parents

number, RC solution is the best solution for calculating metric score by now.

7 Conclusion and Future Work

Firstly we summarize two requirements for which RC method can be applied: the dataset as a

whole can be loaded into memory; and each attribute domain V i is enumerable. As we see in the
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description of Section 4, these two requirements are easily satisfied by introducing a preprocessing

without losing any generalities of RC method applied to other machine learning tasks.

The key contribution of RC method is to eliminate comparison operations of frequent counting

with number-system calculations. Mathematical analysis and empirical studies show that RC

method is prior to ADtree at least in solving the problem of learning BN . RC method is robust

because it has less parameters than ADtree solution. RC is suitable for small and medium scale

datasets with larger arities, while ADtree for larger datasets with smaller arities. As for what kind

of scale can be judged as small, medium or large scale, it is hard to give a clear line to distinguish.

It is actually depending on at least two factors: one is dynamic behaviors when running on specific

dataset via specific learning logics, the other is the ratio of cost of arithmetical addition over that

of attribute value matching operation.

The performance of RC will also depend on the “building-ahead” strategy which will greatly

save time for deriving sub-cts from the mother ct. This is the very important feature we will study

in the future agenda.

The performance analysis of the cache layer is another independent topic which has not been

covered in this paper although we have also collected the data during our testing. Without tightly

coupled with the learning task a general discussion of cache performance does not make any sense.

It is obvious that cache performance is related to the procedure of requesting calculation of a tuple

sequence (xi, πi). So we need more tests on different datasets to evaluate the cache performance.

This is also covered in our future research agenda.
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